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ON THE CAUCHY PROBLEM OF 3D INCOMPRESSIBLE
NAVIER-STOKES-CAHN-HILLIARD SYSTEM
XIAOPENG ZHAO
Abstract. In this paper, we are concerned with the well-posedness and large time
behavior of Cauchy problem for 3D incompressible Navier-Stokes-Cahn-Hilliard equa-
tions. First, using Banach fixed point theorem, we establish the local well-posedness
of solutions. Second, assuming ‖(u0,∇φ0)‖
H˙
1
2
is sufficiently small, we obtain the global
well-posedness of solutions. Moreover, the optimal decay rates of the higher-order spatial
derivatives of the solution are also obtained.
1. Introduction
In Fluid Mechanics, the incompressible Navier-Stokes equations models the motions of single-
phase fluids such as oil or water. Sometimes, we also need to understand the motion of binary
fluid mixtures, that is fluids composed by either two phases of the same chemical species or
phases of different composition. Diffuse interface methods are widely used by many authors to
describe the behavior of complex (e.g., binary) fluids [5, 12]. The Model H [23, 24, 30] is a
diffuse interface model for incompressible isothermal two-phase flows. This model include the
incompressible Navier-Stokes equations for the (averged) velocity u nonlinearly coupled with a
convective Cahn-Hilliard equation for the (relative) concentration difference φ.
Suppose that the temperature variations are negligible, taking the density is equal to 1, and
let the viscosity ν be constant, the Model H reduces to the incompressible Navier-Stokes-Cahn-
Hilliard system [2, 9, 25]
(1)

∂tu− ν∆u+ u · ∇u+∇pi = Kµ∇φ,
divu = 0,
∂tφ+ u · ∇φ = ∇ · (M∇µ),
µ = −ε∆φ+ ζF ′(φ),
in Ω × (0,∞) with Ω ⊆ R3 is a bounded domain or the whole space. In equations (1), u
denotes the mean velocity, pi represent the pressure and ϕ is an order parameter related to the
concentration of the two fluids (e.g. the concentration difference or the concentration of one
component), respectively. The quantities µ ≥ 0, M ≥ 0 and K ≥ 0 are positive constants
that correspond to the kinematic viscosity of fluid, mobility constant and capillarity (stress)
coefficient, respectively. Moreover, µ denotes the chemical potential of the mixture which can
be given by the variational derivative of the free energy functional
(2) F(φ) =
∫
Ω
(ε
2
|∇φ|2 + ζF (φ)
)
dx.
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Usually, we take F (φ) =
∫ φ
0 f(ξ)dξ as a double-well potential
(3) F (s) =
1
4
(s2 − 1)2,
or a singular free energy
(4) F (s) =
θ
2
[(1 + s) log(1 + s) + (1− s) log(1− s)]− θc
2
s2,
where s ∈ [−1, 1] and 0 < θ < θc.
Remark 1.1. In [18], the authors pointed out that
Kµ∇φ = K∇
(ε
2
|∇φ|2 + ξF (φ)
)
−K∇ · (∇φ⊗∇φ).
Moreover, the notation ∇φ⊗∇φ denotes the 3×3 matrix whose (i, j)th entry is given by ∂iφ·∂jφ,
1 ≤ i, j ≤ 3, and hence
∇ · (∇φ⊗∇φ) = ∆φ · ∇φ+ 1
2
3∑
k=1
∇|∇φk|2.
Therefore, (1)1 can be replaced by
∂tu+ u · ∇u− ν∆u+∇p˜i = −K∆φ · ∇φ,
with p˜i = pi −K ( ε2 |∇φ|2 + ξF (φ)) + K2 ∑3k=1∇|∇φk|2.
In a sense, the incompressible Navier-Stokes-Cahn-Hilliard equation can be seen as the cou-
pling between the incompressible Navier-Stokes equations with the convective Cahn-Hilliard
equations. This coupling of equations was highly studied from the theoretical and mathematical
point of view. Till now, there is a large amount of literature on the mathematical analysis of
initial-boundary value problem for Navier-Stokes-Cahn-Hilliard system in 2D or 3D case. Abels
et. al. [1, 3, 4], Boyer [7], Eleuteri, Rocca and Schimperna [13], Gal, Grasselli and Miranville
[19], Lam and Wu [28] studied the existence of global weak solution and unique strong solution
for Navier-Stokes-Cahn-Hilliard system with non-constant mobility; Gal and Grasselli [18] con-
sidered the asymptotic behavior of 2D Navier-Stokes-Navier-Stokes system, proved the existence
of global attractor and exponential attractor; Colli, Frigeri and Grasselli [11], Frigeri, Grasselli
and Krejci [14], Frigeri and Grasselli [16] and Frigeri, Grasselli and Rocca [17] replaced the
chemical potential (1)4 by the following nonlocal model
µ =
∫
Ω
J(x− y)dyφ−
∫
Ω
J(x− y)φ(y)dy + ξF ′(φ),
obtained the nonlocal Navier-Stokes-Cahn-Hilliard equations with double-well potential or sin-
gular free energy, studied the well-posedness and long time behavior of solutions; Bosia and
Gatti [6], Cherfils and Madalina [10] and You, Li and Zhang [36] investigated the properties of
solutions for Navier-Stokes-Cahn-Hilliard equations with dynamic boundary conditions, stud-
ied the well-posedness and long time behavior of solutions respectively; In [37], Zhou and Fan
proved the vanishing viscosity limit of solutions for the initial boundary value problem of 2D
Navier-Stokes-Cahn-Hilliard equations; Giorgini, Miranville and Temam [20] studied the Navier-
Stokes-Cahn-Hilliard system with viscosity depending on concentration and logarithmic poten-
tial, proved uniqueness of weak solutions in 2D, and existence and uniqueness of strong solutions
(global in 2D and local in 3D) with divergence free initial velocity in H10 . Liu and Shen [29],
Key and Welfold [27] and Feng [15] studied the numerical approximation of solutions, etc.
NAVIER-STOKES-CAHN-HILLIARD SYSTEM 3
There are only few results on the mathematical analysis of the Cauchy problem for incompress-
ible Navie-Stokes-Cahn-Hilliard system. The first related result was obtained by Starovoitov [32].
The author supposed that F is a suitably smooth double-well potential, studied the qualitative
behavior as t→∞ of the solutions for 2D Cauchy problem. The other paper on the Cauchy prob-
lem was written by Cao and Gal [8]. In their paper, the authors established the global retularity
and uniqueness of strong/classical solutions for the Cauchy problem of 2D NS-CH equations
with mixed partial viscosity and mobility. We remark that because of the difficulty caused by
the convective term (the order of u · ∇φ in (1)3 is low, one can’t control it by a fourth order
linear term directly), the coupling between u and φ (especially the term on the right hand side of
(1)1) and the chemical potential, there’s no paper on the Cauchy problem of three-dimensional
incompressible Navier-Stokes-Cahn-Hilliard equations. Thus a natural question is how to study
the properties of solutions for the Cauchy problem of 3D Navier-Stokes-Cahn-Hilliard equations.
The main purpose of our present paper is devoted to consider the global existence and the
time decay rate of solutions for the following Cauchy problem:
(5)

∂tu−∆u+ u · ∇u+∇pi = −∆φ · ∇φ,
divu = 0,
∂tφ+ u · ∇φ+∆2φ = ∆(φ3 − φ),
(u, φ)|x=0 = (u0(x), φ0(x)).
(x, t) ∈ R3 × R+.
For convenience, we rewrite (5) as
(6)

∂tu+ u · ∇u+∇pi −∆u = −∆φ · ∇φ,
divu = 0,
∂tφ+ u · ∇φ+∆2φ− κ∆φ = ∆(φ3 − (1 + κ)φ),
(u, φ)|t=0 = (u0(x), φ0(x)),
in R3 × (0,∞),
where κ is a positive constant to be determined in (47).
Remark 1.2. We note that the Laplacian operator (−∆)δ (δ ∈ R) can be defined through
the Fourier transform, namely
(7) (−∆)δf(x) = Λ2δf(x) =
∫
R3
|x|2δ fˆ(ξ)e2piix·ξdξ,
where f̂ is the Fourier transform of f . Moreover, we use the notation A . B to mean that
A ≤ cB for a universal constant c > 0 that only depends on the parameters coming from the
problem and the indexes N and s coming from the regularity on the data. We also employ C
for positive constant depending additionally on the initial data.
First of all, we consider the local well-posedness of solutions for problem (6), i.e., we prove
the following theorem:
Theorem 1.3 (Local well-posedness). Suppose that (u0, φ0) ∈ H1(R3). Then, there exists a
small time T˜ > 0 and a unique strong solution (u, φ)(x, t) to system (6) satisfying
(8)
u ∈ L
∞([0, T˜ ];H1)
⋂
L2(0, T˜ ;H2),
φ ∈ L∞(0, T˜ ;H1)
⋂
L2(0, T˜ ;H3).
The second aim of this paper is to consider the small data global well-posedness of solutions
for system (6).
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Theorem 1.4. Let N ≥ 1, assume that (u0, φ0) ∈ HN (R3) ×HN+1(R3), and there exists a
constant δ0 > 0 such that if
(9) ‖u0‖
H˙
1
2
+ ‖φ0‖
H˙
3
2
≤ δ0,
where C is a positive constant to be determined in (47). Then there exists a unique global solution
(u, φ) satisfying that for all T ≥ 0,
(10)
u ∈ L
∞(0, T ;HN )
⋂
L2(0, T ;HN+1),
∇φ ∈ L∞(0, T ;HN )
⋂
L2(0, T ;HN+2).
In the end, we also study the temporary decay rate of strong solutions for system (6).
Theorem 1.5. Suppose that all the assumptions of Theorem 1.4 hold. If further, (u0,∇φ0) ∈
H˙−s(R3) for some s ∈ [0, 12 ], then for all t ≥ 0,
(11) ‖Λ−su(t)‖2L2 + ‖Λ−s∇φ(t)‖2L2 ≤ C,
and
(12) ‖Λku(t)‖L2 + ‖Λk+1φ(t)‖L2 ≤ C(1 + t)−
l+1
2 , for k = 0, 1, · · · , N − 1.
Note that the Hardy-Littlewood-Sobolev theorem implies that for p ∈ [32 , 2], Lp(R3) ⊂
H˙−s(R3) with s = 3(1
p
− 12) ∈ [0, 12 ]. Then, on the basis of Theorem 1.4, we easily obtain
the following corollary of the optimal decay estimates.
Corollary 1.6. Under the assumptions of Theorem 1.4, if we replace the H˙−s(R3) assump-
tion by (u0,∇φ) ∈ Lp(R3) (32 ≤ p ≤ 2), then the following decay estimate holds:
(13) ‖Λlu(t)‖HN−l + ‖Λl+1φ(t)‖HN−l ≤ C(1 + t)−σl , for l = 0, 1, · · · , N − 1,
where
σl =
3
2
(
1
p
− 1
2
)
+
l
2
.
Remark 1.7. Since the decay rate (13) is equivalent to the decay rate of second order heat
equation
(14)
{
ut +∆u = 0, x ∈ R3, t ≥ 0,
u(x, 0) = u0(x),
Hence, it is optimal.
The main difficulties to consider the Cauchy problem of 3D Navier-Stokes-Cahn-Hilliard equa-
tions are how to deal with the convective term u · ∇φ, the coupling between u and φ and the
linear term of the double-well potential. Since the principle part of (6)3 is a fourth-order linear
term and the convective term is only a first-order nonlinear term, due to Sobolev’s embedding
L
6
3−2s (R3) ⊂ H˙s(R3), we cannot control ‖∇kf(φ)‖Lp through ‖∇k+2φ‖L2 . In order to overcome
this difficulty, we borrow a second-order term from the double-well potential, rewrite (6)3 as
(15) ∂tφ+∆
2φ− κ∆φ = −u · ∇φ+∆ [φ3 − (1 + κ)φ] .
Hence, one can control the convective term by the last term of the left hand side of equation
(15). Moreover, in order to overcome the difficulty caused by the coupling between u and φ, we
assume the initial data ‖(u0,∇φ0)‖
H˙
1
2
is sufficiently small, obtain a priori estimates on (u,∇φ).
On the other hand, we establish the suitable a priori estimates in the negative Sobolev space
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H˙−s (0 ≤ s ≤ 12 ), obtain the optimal decay rate of strong solutions for the Cauchy problem of
Navier-Stokes-Cahn-Hilliard equation in the whole spaces R3.
The structure of this paper is organized as follows. In Section 2, we introduce some preliminary
results, which are useful to prove our main results. Section 3 is devoted to prove the local well-
posedness of solutions. In Section 4, we prove the small initial data global well-posedness of
solutions. Section 5 is devoted to study the decay rate of solutions for system (6).
2. Preliminaries
In this section, we introduce some helpful results in R3.
The following Gagliardo-Nirenberg inequality was proved in [31].
Lemma 2.1 ([31]). Let 0 ≤ m,α ≤ l, then we have
(16) ‖Λαf‖Lp . ‖Λmf‖1−θLq ‖Λlf‖θLr ,
where θ ∈ [0, 1] and α satisfies
(17)
α
3
− 1
p
=
(
m
3
− 1
q
)
(1− θ) +
(
l
3
− 1
r
)
θ.
Here, when p =∞, we require that 0 < θ < 1.
The following Kato-Ponce inequality is of great importance in the proofs.
Lemma 2.2 ([26]). Let 1 < p <∞, s > 0. There exists a positive constant C such that
(18) ‖Λs(fg)− fΛsg‖Lp ≤ C(‖∇f‖Lp1‖Λs−1g‖Lp2 + ‖Λsf‖Lq1‖g‖Lq2 ),
and
(19) ‖Λsfg‖Lp ≤ C(‖f‖Lp1‖Λsg‖Lp2 + ‖Λsf‖Lq1‖g‖Lq2 ,
where p2, q2 ∈ (1,∞) satisfying 1p = 1p1 + 1p2 = 1q1 + 1q2 .
We also introduce the Hardy-Littlewood-Sobolev theorem, which implies the following Lp
type inequality.
Lemma 2.3 ([33, 21]). Let 0 ≤ s < 32 , 1 < p ≤ 2 and 12 + s3 = 1p , then
(20) ‖f‖H˙−s . ‖f‖Lp .
The special Sobolev interpolation lemma will be used in the proof of Theorem 1.4.
Lemma 2.4 ([35, 33]). Let s, k ≥ 0 and l ≥ 0, then
(21) ‖Λlf‖L2 ≤ ‖Λl+1f‖1−θL2 ‖f‖θH˙−s , with θ =
2
l + 1 + s
.
3. Local well-posedness
In this section, by using Banach fixed point theorem, we prove the local well-posedness for
system (6). Let
A := {v ∈ C([0, T ];H1), ‖v‖L∞(0,T ;H1) ≤ R},
for some positive constant R to be determined latter.
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Assume that (u˜, φ˜) ∈ A×A be given and (u˜, φ˜)(·, 0) = (u0, φ0). Consider
(22)

∂tu−∆u+ u˜ · ∇u+∇pi = −∆φ˜ · ∇φ,
divu = 0,
∂tφ+ u˜ · ∇φ+∆2φ− κ∆φ = ∆[φ(φ˜2 − 1− κ)],
(u, φ)|x=0 = (u0(x), φ0(x)).
(x, t) ∈ R3 × R+.
Let (u, φ)(x, t) be the unique strong solution to (22). Define the fixed point map F : (u˜, φ˜) ∈
A × A → (u, φ) ∈ A × A. We will prove that the map F maps A× A into A× A for suitable
constant R and small T > 0 and F is a contraction mapping on A × A. Therefore, F has a
unique fixed point in A×A. This proves the result.
Lemma 3.1. Let (u˜, φ˜) ∈ A×A be given and (u˜, φ˜)(·, 0) = (u0, φ0). Assume that the constant
C0 > 0 is independent of R. Then, there exists a unique strong solution u(x, t) for system (22)
such that
(23) ‖(u, φ)‖L∞(0,T ;H1) + ‖(u, φ)‖L2(0,T ;H2) + ‖φ‖L2(0,T ;H3) ≤ C˜0,
for some small T > 0.
Proof. Since system (22) is linear with regular u˜ and φ˜ whose existence and uniqueness can
be found in Temem [34], then we only need to prove the a priori estimates (23) in the following.
Multiplying (22)1 by u, multiplying (22)2 by φ, integrating by parts over R
3, summing them
up, by using the condition of divergence free of u, we derive that
(24)
1
2
d
dt
(‖u‖2L2 + ‖φ‖2L2) + ‖∇u‖2L2 + ‖∆φ‖2L2 + κ‖∇φ‖2L2
=−
∫
R3
∆φ˜ · ∇φudx−
∫
R3
u˜ · ∇φ · φdx+
∫
R3
[φ(φ˜2 − (1 + κ))]∆φdx
=J1 + J2 + J3.
Note that
(25)
J1 .‖u‖L6‖∆φ˜‖L2‖∇φ‖L3 .
1
2
‖∇u‖2L2 + ‖∆φ˜‖2L2‖∇φ‖L2‖∆φ‖L2
.
1
2
‖∇u‖2L2 +
1
8
‖∆φ‖2L2 +R4‖∇φ‖2L2
.
1
2
‖∇u‖2L2 +
1
8
‖∆φ‖2L2 +
1
8
‖∆φ‖2L2 +R8‖φ‖2L2 .
(26) J2 . ‖u˜‖L3‖∇φ‖L2‖φ‖L6 . R‖∇φ‖2L2 .
1
8
‖∆φ‖2L2 +R2‖φ‖2L2 .
(27)
J3 .‖∆φ‖L2‖φ‖L6‖φ˜2 − (1 + κ)‖L3
.‖∆φ‖L2‖φ‖L6‖φ˜−
√
1 + κ‖L6‖φ˜+
√
1 + κ‖L6
.
1
16
‖∆φ‖2L2 + ‖∇φ‖2L2‖∇φ˜‖4L2
.
1
16
‖∆φ‖2L2 +R4‖∇φ‖2L2
.
1
16
‖∆φ‖2L2 +
1
16
‖∆φ‖2L2 +R8‖φ‖2L2 .
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Combining (24)-(27) together gives
(28)
d
dt
(‖u‖2L2 + ‖φ‖2L2) + ‖∇u‖2L2 + ‖∆φ‖2L2 + κ‖∇φ‖2L2 . (R2 +R8)(‖u‖2L2 + ‖φ‖2L2),
which yields that
(29) ‖u‖2L2 + ‖φ‖2L2 +
∫ T
0
(‖∇u‖2L2 + ‖∆φ‖2L2 + ‖∇φ‖2L2)ds ≤ C1,
provided that (R2 +R8)T < 1.
Multiplying (22)1 by ∆u, multiplying (22)2 by ∆φ, integrating by parts over R
3, summing
them up, by using the condition of divergence free of u, we derive that
(30)
1
2
d
dt
(‖∇u‖2L2 + ‖∇φ‖2L2) + ‖∆u‖2L2 + ‖∇∆φ‖2L2 + κ‖∆φ‖2L2
=−
∫
R3
u˜ · ∇u ·∆udx−
∫
R3
∆φ˜ · ∇φ ·∆udx+
∫
R3
u˜ · ∇φ ·∆φdx
−
∫
R3
∆[φ(φ˜2 − (1 + κ))]∆φdx
=J4 + J5 + J6 + J7.
Note that
(31)
J4 .‖∆u‖L2‖u˜‖L6‖∇u‖L3 . ‖∇u˜‖L2‖∇u‖
1
2
L2
‖∆u‖
3
2
L2
.
1
4
‖∆u‖2L2 + ‖∇u˜‖4L2‖∇u‖2L2
.
1
4
‖∆u‖2L2 +R4‖∇u‖2L2 .
(32)
J5 .‖∆u‖L2‖∆φ˜‖L2‖∇φ‖L∞
.‖∆u‖L2‖∆φ˜‖L2‖∇φ‖
1
4
L2
‖∇∆φ‖
3
4
L2
.
1
4
‖∆u‖2L2 + ‖∆φ˜‖2L2‖∇φ‖
1
2
L2
‖∇∆φ‖
3
2
L2
.
1
4
‖∆u‖2L2 +
1
4
‖∇∆φ‖2L2 + ‖∆φ˜‖8L2‖∇φ‖2L2
.
1
4
‖∆u‖2L2 +
1
4
‖∇∆φ‖2L2 +R8‖∇φ‖2L2 .
(33)
J6 .‖∆φ‖L6‖u˜‖L3‖∇φ‖L2 .
1
4
‖∇∆φ‖2L2 + ‖u˜‖2L3‖∇φ‖2L2
.
1
4
‖∇∆φ‖2L2 +R2‖∇φ‖2L2 .
(34)
J7 .‖∇∆φ‖L2‖∇[φ(φ˜2 − (1 + κ))]‖L2
.‖∇∆φ‖L2(‖∇φ‖L2‖φ˜2 − (1 + κ)‖L∞ + ‖φ‖L6‖∇(φ˜2 − (1 + κ))‖L3)
.‖∇∆φ‖L2‖∇φ‖L2‖∇φ˜‖L2‖∆φ˜‖L2
.
1
4
‖∇∆φ‖2L2 + ‖∇φ‖2L2‖∇φ˜‖2L2‖∆φ˜‖2L2
.
1
4
‖∇∆φ‖2L2 +R4‖∇φ‖2L2 .
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Combining (30)-(34) together gives
(35)
d
dt
(‖∇u‖2L2 + ‖∇φ‖2L2) + ‖∆u‖2L2 + ‖∇∆φ‖2L2 + κ‖∆φ‖2L2
. (R2 +R4 +R8)(‖∇u‖2L2 + ‖∇φ‖2L2),
which yields that
(36) ‖∇u‖2L2 + ‖∇φ‖2L2 +
∫ T
0
(‖∆u‖2L2 + ‖∇∆φ‖2L2 + ‖∆φ‖2L2)ds ≤ C1,
provided that (R2 +R4 +R8)T < 1. This complete the proof.

Due to Lemma 3.1, we can take R = 2
√
C1, and thus, F maps A×A into A×A. We prove
that F is a contraction mapping in the sense of weaker norm in the following.
Lemma 3.2. There exists a constant δ ∈ (0, 1) such that for any (u˜i, φ˜i) (i = 1, 2),
(37) ‖F (u˜1, φ˜1)− F (u˜2, φ˜2)‖L2(0,T ;H1) ≤ δ
(
‖u˜1 − u˜2‖L2(0,T ;H1) + ‖φ˜1 − φ˜2‖L2(0,T ;H1)
)
,
for some small T > 0.
Proof. Suppose that (ui, φi)(x, t) (i = 1, 2) are the solutions to problem (22) corresponding
to (u˜i, b˜i). Denote
u = u1 − u2, u˜ = u˜1 − u˜2, φ = φ1 − φ2, φ˜ = φ˜1 − φ˜2,
we have
(38) ut + u˜1 · ∇u+ u˜ · ∇u2 +∇φ−∆u = −∆φ1∇φ−∆φ∇φ2,
and
(39) φt + u˜1 · ∇φ+ u˜ · ∇φ2 +∆2φ− κ∆φ = ∆[φ1(φ˜21 − 1− κ)− φ2(φ˜22 − 1− κ)].
Multiplying (38) by u, multiplying (39) by φ, integrating over R3 and using the Gronwall’s
inequality, taking T small enough, we arrive at (34).

Next, we give the proof of Theorem 1.3.
Proof of Theorem 1.3. By Lemmas 3.1, 3.2 and a variant of the Banach fixed point theorem,
using weak compactness, we complete the proof. 
4. Small initial data global well-posedness
In this section, suppose that the condition (9) holds, we prove the small initial data global
well-posedness of solutions for system (6).
Proof of Theorem 1.4. Multiplying (6)1 and (6)3 by u and ∆φ−φ3+φ respectively, one can get
the fundamental energy estimate, for any t > 0,
(40)
‖u‖2L2 + ‖∇φ‖2L2 + ‖φ2 − 1‖2L2 +
∫ t
0
(‖∇u‖2L2 + ‖∇(∆φ− φ3 + φ)‖2L2)ds
= ‖u0‖2L2 + ‖∇φ0‖2L2 + ‖φ20 − 1‖2L2 ≡M.
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Taking Λ
1
2 and Λ
3
2 to (6)1 and (6)3, multiplying by Λ
1
2u and Λ
3
2φ respectively, integrating
over R3, summing them up, we arrive at
(41)
1
2
d
dt
(‖Λ 12u‖2L2 + ‖Λ
3
2φ‖2L2) + ‖Λ
3
2u‖2L2 + ‖Λ
7
2φ‖2L2 + κ‖Λ
5
2φ‖2L2
=−
∫
R3
Λ
1
2 (u · ∇u) · Λ 12udx−
∫
R3
Λ
1
2 (∆φ · ∇φ) · Λ 12udx+
∫
R3
Λ
3
2 (u · ∇φ) · Λ 32φdx
+
∫
R3
Λ
3
2 [φ3 − (1 + κ)φ] · Λ 32∆φdx
:=I1 + I2 + I3 + I4.
Applying Lemmas 2.1 and 2.2, we have
(42)
I1 .‖Λ
1
2u‖L6‖Λ
1
2 (u · ∇u)‖
L
6
5
.‖Λ 12u‖L6(‖Λ
1
2u‖L2‖∇u‖L3 + ‖u‖L3‖Λ
3
2u‖L2)
≤C‖Λ 12u‖L2‖Λ
3
2u‖2L2 .
Moreover, by using Lemmas 2.1, 2.2 and (40), we obtain
(43)
I2 .‖Λ
1
2u‖L6‖Λ
1
2 (∆φ · ∇φ)‖
L
6
5
.‖Λ 12u‖L6(‖Λ
5
2φ‖L2‖∇φ‖L3 + ‖∆φ‖L3‖Λ
3
2φ‖L2)
.‖Λ 32φ‖L2(‖Λ
3
2u‖2L2 + ‖Λ
5
2φ‖2L2).
The term I3 astisfies
(44)
I3 .‖Λ
3
2φ‖L6‖Λ
3
2 (u · ∇φ)‖
L
6
5
.‖Λ 32φ‖L6(‖Λ
3
2u‖L2‖∇φ‖L3 + ‖u‖L3‖Λ
5
2φ‖L2)
.(‖∇φ‖L3 + ‖u‖L3)(‖Λ
5
2φ‖2L2 + ‖Λ
3
2u‖2L2)
.(‖Λ 32φ‖L2 + ‖Λ
1
2u‖L2)(‖Λ
5
2φ‖2L2 + ‖Λ
3
2u‖2L2).
We also have
(45)
I4 .‖Λ
7
2φ‖L2‖Λ
3
2 [φ3 − (1 + κ)φ]‖L2
.‖Λ 72φ‖L2(‖Λ
3
2φ‖L6‖φ−
√
1 + κ‖L6‖φ+
√
1 + κ‖L6
+ ‖Λ 32 (φ−√1 + κ)‖L6‖φ‖L6‖φ+
√
1 + κ‖L6
+ ‖Λ 32 (φ+√1 + κ)‖L6‖φ−
√
1 + κ‖L6‖φ‖L6)
.‖Λ 72φ‖L2‖Λ
5
2φ‖L2‖∇φ‖2L2
≤1
2
‖Λ 72φ‖2L2 + C‖Λ
5
2φ‖2L2‖∇φ‖4L2
≤1
2
‖Λ 72φ‖2L2 + CM2‖Λ
5
2φ‖2L2 .
Adding (42)-(45) together gives
(46)
1
2
d
dt
(‖Λ 12u‖2L2 + ‖Λ
3
2φ‖2L2) + ‖Λ
3
2u‖2L2 +
1
2
‖Λ 72φ‖2L2 + (κ−CM2)‖Λ
5
2φ‖2L2
≤C(‖Λ 32φ‖L2 + ‖Λ
1
2u‖L2)(‖Λ
3
2u‖2L2 + ‖Λ
5
2φ‖2L2).
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Choose
(47) κ = CM2 + 1
2
,
and δ0 sufficiently small that
C(‖Λ 12u0‖L2 + ‖Λ
3
2φ0‖L2) <
1
4
,
then, ‖Λ 12u‖2
L2
+ ‖Λ 32φ‖2
L2
is decreasing. So, for any T ∈ (0,∞), we have
(48)
d
dt
(‖Λ 12u‖2L2 + ‖Λ
3
2φ‖2L2) + ‖Λ
3
2u‖2L2 + ‖Λ
7
2φ‖2L2 + ‖Λ
5
2φ‖2L2 ≤ 0,
which implies
(u,∇φ) ∈ L∞(0, T ;H 12 )
⋂
L2(0, T ;H
3
2 ), ∇φ ∈ L2(0, T ;H 52 ).
Now, we consider the higher order derivative norm estimates for the solution of system (6).
Applying Λk to (6)1, Λ
k+1 to (6)3, multiplying the resulting identity by Λ
ku and Λk+1φ,
respectively, and then integrating over R3 by parts, summing them up, we arrive at
(49)
1
2
d
dt
(‖Λku‖2L2 + ‖Λk+1φ‖2L2) + ‖Λk+1u‖2L2 + ‖Λk+3φ‖L2 + κ‖Λk+2φ‖2L2
=−
∫
R3
Λk(u · ∇u) · Λkudx−
∫
R3
Λk(∆φ · ∇φ) · Λkudx
+
∫
R3
Λk+1(u · ∇φ) · Λk+1φdx+
∫
R3
Λk+1∆(φ3 − (1 + κ)φ) · Λk+1φdx
=I5 + I6 + I7 + I8.
We will estimate I5-I8 one by one in the following.
(50)
I5 .‖Λku‖L6‖Λk∇ · (u⊗ u)‖
L
6
5
. ‖Λk+1u‖L2‖Λk+1u‖L2‖u‖L3
.‖u‖
H˙
1
2
‖Λk+1u‖2L2 . (‖u0‖H˙ 12 + ‖∇φ0‖H˙ 12 )‖Λ
k+1u‖2L2
.δ0‖Λk+1u‖2L2 ,
(51)
I6 .‖Λku‖L6‖Λk(∆φ · ∇φ)‖
L
6
5
.‖Λk+1u‖L2(‖Λk+2φ‖L2‖∇φ‖L3 + ‖∇k+1φ‖L3‖∆φ‖L2)
.‖Λk+1u‖L2
‖Λk+2φ‖L2‖Λ 32φ‖L3 +
‖∇k+2φ‖ kk+12
L2
‖Λ 32φ‖
1
2
k+1
2
L2
‖∇k+2φ‖ 12k+12
L2
‖Λ 32φ‖
k
k+1
2
L2

.‖∇φ‖
H˙
1
2
(‖Λk+1u‖2L2 + ‖Λk+2φ‖2L2)
.δ0(‖Λk+1u‖2L2 + ‖Λk+2φ‖2L2),
(52)
I7 .‖Λk+1φ‖L6‖Λk+1(u · ∇φ)‖
L
6
5
.‖Λk+1φ‖L6(‖Λk+1u‖L2‖∇φ‖L3 + ‖u‖L3‖Λk+2φ‖L2)
.(‖∇φ‖
H˙
1
2
+ ‖u‖
H˙
1
2
)(‖Λk+1u‖2L2 + ‖Λk+2φ‖2L2)
.δ0(‖Λk+1u‖2L2 + ‖Λk+2φ‖2L2),
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(53)
I8 .‖Λk+3φ‖L2‖Λk+1(φ3 − (1 + κ)φ)‖L2
.‖Λk+3φ‖L2(‖Λk+1φ‖L6‖φ−
√
1 + κ‖L6‖φ+
√
1 + κ‖L6
+ ‖Λk+1(φ−√1 + κ)‖L6‖φ‖L6‖φ+
√
1 + κ‖L6
+ ‖Λk+1(φ+√1 + κ)‖L6‖φ−
√
1 + κ‖L6‖φ‖L6)
.‖Λk+3φ‖L2‖Λk+2φ‖L2‖∇φ‖2L2
≤1
2
‖Λk+3φ‖2L2 + C‖Λk+2φ‖2L2‖∇φ‖4L2
≤1
2
‖Λk+3φ‖2L2 + CM2‖Λk+2φ‖2L2 .
Note that κ− CM2 = 12 . It then follows from (49)-(53) that
(54)
1
2
d
dt
(‖Λku‖2L2 + ‖Λk+1φ‖2L2) + ‖Λk+1u‖2L2 +
1
2
‖Λk+3φ‖2L2 +
1
2
‖Λk+2φ‖2L2
≤3δ0(‖Λk+1u‖2L2 +
1
2
‖Λk+3φ‖2L2 + (κ− CM2)‖Λk+2φ‖2L2).
Choose δ0 sufficiently small, such that 3δ0 ≤ 12 , we obtain
(55)
‖Λku‖2L2 + ‖Λk+1φ‖2L2 +
∫ T
0
[‖Λk+1u‖2L2 +
1
2
‖Λk+3φ‖2L2 +
1
2
‖Λk+2φ‖2L2 ]ds
≤‖Λku0‖2L2 + ‖Λk+1φ0‖2L2 , for k = 1, 2, · · · , N.
Hence, we complete the proof of Theorem 1.4.

5. Decay rate
In this section, we consider the decay rate of strong solutions for system (6). First of all, we
derive the evolution of the negative Sobolev norms of the solution to the Cauchy problem (6). In
order to estimate the convective term and the double-well potential, we shall restrict ourselves
to that s ∈ [0, 12 ].
For the homogeneous Sobolev space, the following lemma holds:
Lemma 5.1. Suppose that all the assumptions in Theorem 1.4 are in force. For s ∈ [0, 12 ], we
have
(56)
d
dt
(‖u(t)‖2
H˙−s
+ ‖∇φ(t)‖2
H˙−s
) + ‖∇u(t)‖2
H˙−s
+ ‖Λ2φ(t)‖2
H˙−s
+ ‖Λ3φ(t)‖2
H˙−s
≤ E(t)(‖u(t)‖H˙−s + ‖φ(t)‖H˙−s + ‖∇φ(t)‖H˙−s),
where
E(t) = ‖∇u‖2L2 + ‖Λ2u‖2L2 + ‖∇2φ‖2L2 + ‖Λ3φ‖2L2 .
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Proof. Applying Λ−s to (6)1, applying Λ
−s∇ to (6)3, multiplying the resulting identities by
Λ−su and Λ−s∇φ, and then integrating over R3 by parts, summing them up, we deduce that
(57)
1
2
d
dt
∫
R3
(|Λ−su|2 + |Λ−s∇φ|2)dx+ ‖Λ−s∇u‖2L2 + ‖Λ−s+3φ‖2L2 + ‖Λ−s+2φ‖2L2
=−
∫
R3
Λ−s(u · ∇u) · Λ−sudx−
∫
R3
Λ−s[∆φ · ∇φ] · Λ−sudx
−
∫
R3
Λ−s∇(u · ∇φ) · Λ−s∇φdx+
∫
R3
Λ−sΛ3(φ3 − (1 + κ)φ) · Λ−s∇φdx
=:K1 +K2 +K3 +K4.
If s ∈ [0, 12 ], then 12 + s3 < 1 and 3s ≥ 6. By using the estimate (20) of Riesz potential in Lemma
2.3, together with Ho¨lder’s inequality and Young’s inequality, we have
(58)
K1 =
∫
R3
Λ−s(u · ∇u) · Λ−sudx
≤‖Λ−s(u · ∇u)‖L2‖Λ−su‖L2
.‖u · ∇u‖
L
1
1
2
+ s
3
‖Λ−su‖L2
.‖u‖
L
3
s
‖∇u‖L2‖Λ−su‖L2
.‖∇u‖
1
2
+s
L2
‖Λ2u‖
1
2
−s
L2
‖∇u‖L2‖Λ−su‖L2
.‖Λ−su‖L2(‖∇u‖2L2 + ‖Λ2u‖2L2),
(59)
K2 =
∫
R3
Λ−s(∆φ · ∇φ) · Λ−sudx
≤‖Λ−s(∆φ · ∇φ)‖L2‖Λ−su‖L2
.‖∆φ · ∇φ‖
L
1
1
2
+ s
3
‖Λ−su‖L2
.‖∇φ‖
L
3
s
‖Λ2φ‖L2‖Λ−su‖L2
.‖Λ2φ‖
1
2
+s
L2
‖Λ2∇φ‖
1
2
−s
L2
‖Λ2φ‖L2‖Λ−su‖L2
.‖Λ−su‖L2(‖Λ2φ‖2L2 + ‖Λ3φ‖2L2),
and
(60)
K3 =−
∫
R3
Λ−s∇(u · ∇φ) · Λ−s∇φdx
≤‖Λ−s∇(u · ∇φ)‖L2‖Λ−s∇φ‖L2
.‖∇(u · ∇φ)‖
L
1
1
2
+ s
3
‖Λ−s∇φ‖L2
.(‖∇u‖L2‖∇φ‖L 3s + ‖u‖L 3s ‖Λ
2φ‖L2)‖Λ−s∇φ‖L2
.(‖Λ2φ‖
1
2
+s
L2
‖Λ3φ‖
1
2
−s
L2
‖∇u‖L2 + ‖∇u‖
1
2
+s
L2
‖Λ2u‖
1
2
−s
L2
‖Λ2φ‖L2)‖Λ−s∇φ‖L2
.‖Λ−s∇φ‖L2(‖∇u‖2L2 + ‖Λ2u‖2L2 + ‖Λ3φ‖2L2 + ‖Λ2φ‖2L2).
Moreover, suppose that 0 ≤ l ≤ 3 and 0 ≤ m ≤ l, let a, b, c ∈ Z+ and
a = min{m, l −m, 3− l}, b = max{m, l −m, 3− l}, a ≤ c ≤ b.
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Simple calculation shows that a ≤ 1 and b ≥ 2. We estimate K6 as
(61)
K4 =
∫
R3
Λ−sΛ3(φ3 − (1 + κ)φ) · Λ−s∇φdx
=
∫
R3
Λ−sΛ3[φ(φ+
√
1 + κ)(φ−√1 + κ)] · Λ−s∇φdx
.‖Λ−s∇φ‖L2‖Λ−sΛ3[φ(φ +
√
2)(φ−
√
2)]‖L2
.‖Λ−s∇φ‖L2‖Λ3[φ(φ+
√
1 + κ)(φ−√1 + κ)]‖
L
1
1
2
+ s
3
.
∑
0≤l≤3
∑
0≤m≤l
‖Λ−s∇φ‖L2‖Λaφ‖L∞‖Λb(φ−
√
1 + κ)‖L2‖Λc(φ+
√
1 + κ)‖
L
3
s
.
∑
0≤l≤3
∑
0≤m≤l
‖Λ−s∇φ‖L2‖Λa+1φ‖
1
2
L2
‖Λa+2φ‖
1
2
L2
‖Λbφ‖L2‖Λc+1φ‖
1
2
+s
L2
‖Λc+2φ‖
1
2
−s
L2
.‖Λ−s∇φ‖L2(‖Λ2φ‖2L2 + ‖Λ3φ‖2L2), .
where we have used the fact that ∇φ ∈ L∞(0, T ;HN ). Combining (57)-(61) together gives
(62)
1
2
d
dt
∫
R3
(|Λ−su|2 + |Λ−s∇φ|2)dx+ ‖Λ−s∇u‖2L2 + ‖Λ−s+3φ‖2L2 + ‖Λ−s+2φ‖2L2
.‖Λ−su‖L2(‖∇u‖2L2 + ‖Λ2u‖2L2 + ‖Λ2φ‖2L2 + ‖Λ3φ‖2L2).
Then, we obtain (56) and the proof is completed.

In the following, we give the proof of Theorem 1.5.
Proof of Theorem 1.5. Define
E−s(t) := ‖Λ−su(t)‖2L2 + ‖Λ−s∇φ(t)‖2L2 .
For inequality (56), integrating in time, by the bound (55), we have
(63)
E−s(t) ≤E−s(0) + C
∫ t
0
E(t)
√
E−s(τ)dτ
≤C0
(
1 + sup
0≤τ≤t
√
E−s(τ)dτ
)
,
which implies (11) for s ∈ [0, 12 ], that is
(64) ‖Λ−su(t)‖2L2 + ‖Λ−s∇φ(t)‖2L2 ≤ C0.
Moreover, if l = 1, 2, · · · , N − 1, we may use Lemma 2.4 to have
‖Λl+1f‖L2 ≥ C‖Λ−sf‖
− 1
l+s
L2
‖Λlf‖1+
1
l+s
L2
.
Then, by this facts and (64), we get
(65) ‖Λl+1(u,∇φ)‖2L2 ≥ C0(‖Λl(u,∇φ)‖2L2)1+
1
k+s .
Thus, for k = 0, 1, 2, · · · , N − 1, we deduce from (55) the following inequality
(66)
d
dt
(‖Λku‖2L2 + ‖Λk+1φ‖2L2) + C0
(
‖Λku‖2L2 + ‖Λk+1φ‖2L2
)1+ 1
l+s ≤ 0.
Solving this inequality directly gives
(67) ‖Λku‖2L2 + ‖Λk+1φ‖2L2 ≤ C0(1 + t)−l−s, for l = 1, 2, · · · , N − 1,
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which means (12) holds. Hence, we complete the proof of Theorem 1.5.

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